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Abstract. We calculate the pressure and density of polarized non-relativistic systems of
two-component fermions coupled via a contact interaction at finite temperature. For the
unpolarized one-dimensional system with an attractive interaction, we perform a third-
order lattice perturbation theory calculation and assess its convergence by comparing with
hybrid Monte Carlo. In that regime, we also demonstrate agreement with real Langevin.
For the repulsive unpolarized one-dimensional system, where there is a so-called com-
plex phase problem, we present lattice perturbation theory as well as complex Langevin
calculations. For our studies, we employ a Hubbard-Stratonovich transformation to de-
couple the interaction and automate the application of Wick’s theorem for perturbative
calculations, which generates the diagrammatic expansion at any order. We find excellent
agreement between the results from our perturbative calculations and stochastic studies in
the weakly interacting regime. In addition, we show predictions for the strong coupling
regime as well as for the polarized one-dimensional system. Finally, we show a first
estimate for the equation of state in three dimensions where we focus on the polarized
unitary Fermi gas.
1 Introduction
It is well-known that a large number of physically interesting quantum many-body systems are not
amenable to being studied with stochastic techniques due to the appearance of the sign problem.
For instance, relativistic systems at finite quark chemical potential and non-relativistic ones with a
chemical potential asymmetry cannot use conventional quantum Monte Carlo techniques. A variety of
techniques to circumvent, or at least mitigate, the sign problem in particular cases have been proposed
and studied over the past several decades (see, for instance, Ref. [1] for a review). In this proceeding,
we address advances on both perturbative and non-perturbative methods to compute the equation
of state (EOS) for a many-body system of spin-1/2 particles under two-body contact interactions in
situations normally hampered by a sign (or even complex-phase) problem. These systems can be
physically realized as ultracold atoms, which provide a clean and malleable experimental situation to
benchmark methods as well as many-body theories (see, e.g., [2, 3]).
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Apart from Sec. 5, where we consider the case of a three-dimensional polarized system in the
so-called unitary limit, we study a polarized non-relativistic gas in one spatial dimension (1D), whose
Hamiltonian is given by the Gaudin-Yang model [4, 5]:
Hˆ = − ~
2
2m
∑
i
∂2
∂x2i
− g
∑
i< j
δ(xi − x j) , (1)
where g is the bare coupling (directly related to the s-wave scattering as length by g = 2/as) and we
use units where ~ = m = 1. In our perturbative and stochastic formalisms, the partition functionZ is
written as a path integral over a Hubbard-Stratonovich auxiliary field σ, such that
Z =
∫
Dσ det M↑(σ) det M↓(σ) . (2)
The auxiliary field is placed on a lattice of extent Ndx × Nτ, where d is the spatial dimension and τ is
the temporal lattice spacing; a Trotter-Suzuki decomposition has been performed such that β = τNτ,
where β is the inverse temperature.
In the following sections, we evaluate the above form of the path integral and display hybrid
Monte Carlo (HMC), complex Langevin (CL), and lattice perturbation theory results for the pressure
P and particle density n for the interacting Fermi gas in 1D at finite temperature. Details of the lattice
perturbation theory and CL formalisms, as well as further comments on the results for the unpolarized
system, can be found in Ref. [6]. Additionally, we provide a first estimate for the finite-temperature
particle density of the polarized Fermi gas at unitarity in Sec. 5, which corresponds to Eq. (1) extended
to three spatial dimensions and tuned to the threshold of bound-state formation.
2 Complex Langevin formalism
Conventional quantum Monte Carlo techniques, such as hybrid Monte Carlo (HMC) (see e.g.
Ref. [7]), typically rely on using a positive-definite probability measure P(σ) in order to propose new
field configurations via the Metropolis algorithm without a sign problem. In CL (see, e.g., Ref. [8]),
the auxiliary field σ is taken to be complex, such that σ → σR + iσI . The dynamical equations of
motion for the real and imaginary components of the field, in contrast to those that appear in HMC,
are
δσR = −Re
[
δS (σ)
δσ
]
δt + η
√
δt , (3)
δσI = −Im
[
δS (σ)
δσ
]
δt , (4)
where we define the action S = − ln(detM↑[σ] detM↓[σ]) and η is a t-dependent noise term. Loosely
speaking, the equilibrium distribution of the auxiliary field obtained from the CL equations is then
assumed to be identical to the probability measure associated with the path integral (2) and can there-
fore be exploited to compute physical observables. Note that, in the case where the imaginary part of
σ vanishes, CL reduces to real Langevin (RL). Unlike HMC (and also RL), however, it is understood
that CL generally may not be guaranteed to converge to the correct result, if at all, unless certain cri-
teria are satisfied [9, 10]; as such, additional scrutiny is required to ensure correct results. One of the
most common challenges in CL calculations are uncontrolled excursions of the auxiliary field into the
complex plane due to singularities that appear in the determinants of M↑,↓. For the system we study
here, we have found that it is indeed necessary to modify the equations of motion of the auxiliary field
to avoid such excursions. We do so by adding a regulating term controlled by the real parameter ξ,
such that we obtain
δσR → δσR − 2ξσRδt , (5)
δσI → δσI − 2ξσIδt . (6)
In the case where ξ = 0 and the regulating term vanishes, the calculation becomes uncontrolled and the
normalized density appears to diverge. However, for a moderately-sized window about ξ ' 0.1, the
calculation becomes well-controlled and converges quickly to the expected value, see also Ref. [11]
for a detailed study of the role of this parameter for mass-balanced Fermi gases. The distribution of
values of the determinant also indicates that zeros in the determinants are not seen, at least for the
couplings studied. For strong repulsive couplings, however, our studies of this regime in the ground
state indicate that the probability distributions associated with physical observables may not exhibit a
finite variance, regardless of the polarization, which suggests the appearance of an overlap problem.
Detailed studies are required in the future to gain a comprehensive understanding of this issue.
3 Perturbation theory formalism
In addition to the non-perturbative CL technique, we also developed a method for (semi-)analytically
computing the perturbative expansion of the pressure which we applied to next-to-next-to-next-to-
leading order (N3LO). This expansion is performed on the lattice starting from the same Hubbard-
Stratonovich form of the partition function as given in Eq. (2). Since both methods are computed on
the lattice, results can be directly compared for a given system volume. For illustration purposes, let
us consider the unpolarized system. There, the fermion determinant M is expanded in powers of the
coupling about the non-interacting limit as follows:
Z =
∫
Dσ det2M0 [1 + g f1(σ) + g2 f2(σ) + · · · ]2 . (7)
Here, M0 is the fermion determinant corresponding to the non-interacting system (g = 0), and fi(σ) are
determined functions over which the path integral is computed exactly. The functions fi(σ) correspond
to a sum of i-th order Feynman diagrams with associated symmetry factors (see Ref. [6] for details).
The resulting perturbative expansion for the pressure P up to N3LO normalized by the non-interacting
counterpart P0 in terms of Feynman diagrams is displayed in Fig. 1.
4 Results for systems in one dimension
In the following section, we will display results for the density of both unpolarized and spin-polarized
systems in one spatial dimension. Computations using both the perturbative and stochastic techniques
will be shown.
4.1 Unpolarized system
In the case of the attractive unpolarized Fermi gas as described by identical chemical potentials of
the two species, µ↑ = µ↓, a sign problem is not present in conventional HMC calculations. In the
repulsive case, however, g < 0 [see our convention for the sign of the coupling in Eq. (1)], and a sign
problem is present since the matrices M↑,↓ are generally complex. It should be pointed out that other
methods exist that can address the sign problem in this unpolarized case, but they are restricted to 1D,
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Figure 1. Expression for the perturbative expansion of the normalized pressure P/P0 in terms of first-order
(NLO), second-order (N2LO), and third-order (N3LO) diagrams and associated symmetry factors. As written,
the pressure is expanded in the coupling g (see Ref. [6] for details).
whereas our present work aims at the development of a toolbox that can be applied in any dimension.
Fig. 2 displays the particle number density n normalized by its noninteracting counterpart n0 for the
attractive and repulsive cases, and Fig. 3 displays the corresponding pressure P, normalized by the
noninteracting counterpart P0.
As can be appreciated in both figures, the agreement in Fig. 2 (left panel) between HMC and RL
for the attractive case is excellent, as expected from a situation that does not feature a sign problem.
This agreement is encouraging as a test of our understanding of Langevin-based methods. The agree-
ment with perturbative results is also remarkable, except in the deep quantum region around βµ = 0
and at strong coupling, where some deviations are expected and indeed found. Proceeding to the re-
pulsive case (right panel of Fig. 2), where HMC is not applicable, we see that CL results show once
again excellent agreement with perturbation theory at weak coupling, and as the order in perturba-
tion theory is increased, the agreement with CL improves substantially. We regard this situation as
strongly supporting the use of CL for repulsively interacting, unpolarized gases, at least for the con-
sidered range of coupling strengths. To the best of our knowledge, the finite-temperature EOS of the
repulsive Fermi gas in 1D presented in Fig. 2 (right panel) (which appears in our work of Ref. [6]) is
the first time such a calculation was carried out. From the density, by integration over βµ, we obtain
the pressure, which is shown in Fig. 3. While we do not have at the moment enough precision in our
CL data to carry out the integration for the repulsive case, we use this opportunity to attempt a per-
turbative calculation and compare with HMC on the attractive side. The agreement in the latter case
is excellent, especially at weak coupling (as expected), which encourages us to conclude that (also
based on our results for the density) the pressure on the repulsive side is well captured by perturbation
theory for the couplings we explored.
4.2 Polarized system
The spin-polarized Fermi gas, where µ↑ , µ↓, has a sign problem for both the attractive and repulsive
cases, and it cannot be completely avoided with any other stochastic method that we know of, in
any dimension. One way to proceed is to apply HMC to a system where we introduce a complex
chemical potential such that the asymmetry h = (µ↑ − µ↓)/2 is imaginary, after which the observables
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Figure 2. Density n of the attractive (left) and repulsive (right) unpolarized Fermi gas normalized by the density
of the noninteracting system n0. Results are shown for the dimensionless attractive and repulsive interaction
strengths λ =
√
βg = ±0.5,±1.0,±1.5,±2.0. The NLO (dashed line), N2LO (dash-dotted line), and N3LO (solid
line) results are displayed for each coupling and are compared with HMC results (depicted by symbols except
black diamonds) for the attractive case (λ > 0), see Ref. [12]. For both plots, the black diamonds show CL (RL
for the attractive case), regulated with ξ = 0.1, as described in the main text. Note also that the N2LO and the
N3LO results already agree over a wide range of values for βµ for the considered values of the coupling.
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Figure 3. Perturbation theory results for the pressure P of the attractive (left) and repulsive (right) unpolarized
Fermi gas normalized by the pressure of the non-interacting system P0. Results are shown for the dimensionless
attractive and repulsive interaction strengths λ =
√
βg = ±0.5,±1.0,±1.5,±2.0. The NLO (dashed line), N2LO
(dash-dotted line), and N3LO (solid line) are displayed for each coupling. The corresponding data points for each
attractive coupling (depicted by symbols) are computed using HMC (see Ref. [12]). Note again that the N2LO
and the N3LO results already agree over a wide range of values for βµ for the considered values of the coupling.
are obtained via analytic continuation. This method was put forward for non-relativistic systems
in Ref. [13] and first applied to the system studied here in Ref. [14]. For a variety of dimensionless
chemical potential asymmetries βh, the normalized total density n/n0 = (n↑+n↓)/n0 obtained from this
approach is displayed in Fig. 4 for both the attractive and repulsive cases. Similarly, the magnetization
m/n0 = (n↑ − n↓)/n0 is shown in Fig. 5.
In both panels of Fig. 4, the agreement among the methods is qualitatively and quantitatively
satisfactory. The scale at large negative βµ is governed by the virial expansion, which predicts the
same results n/n0 = cosh(βh) at sufficiently small z = eβµ, regardless of the form of the interaction; the
agreement with that result is very good. Finally, Fig. 5 shows a similar situation for the magnetization,
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Figure 4. Density n of the attractive (left) and repulsive (right) spin-polarized Fermi gas normalized by the
density of the noninteracting, unpolarized system n0. Results are shown for the dimensionless attractive and
repulsive interaction strength λ = ±1 and for chemical potential asymmetries βh = 0.0, 0.5, 1.0, 1.5, 2.0. In both
panels, the red solid lines correspond to perturbation theory results at N3LO for the various values of βh. In the
left panel, the solid black diamonds correspond to CL results, and the colored symbols correspond to to HMC
results obtained by using imaginary polarization (see Ref. [14]). In the right panel depicting the repulsive case,
where HMC is not applicable, the colored symbols correspond to CL results.
 0
 0.5
 1
 1.5
 2
 2.5
 3
 3.5
-4 -3 -2 -1  0  1  2  3  4
(n
u
p
 -
 n
d
n
)/
n
0
βµ
βh = 0.0
βh = 0.5
βh = 1.0
βh = 1.5
βh = 2.0
N3LO
CL
 0
 0.5
 1
 1.5
 2
 2.5
 3
 3.5
-4 -3 -2 -1  0  1  2  3  4
(n
u
p
 -
 n
d
n
)/
n
0
βµ
CL at βh = 0.0
CL at βh = 0.5
CL at βh = 1.0
CL at βh = 1.5
CL at βh = 2.0
N3LO
Figure 5. Magnetization m of the attractive (left) and repulsive (right) spin-polarized Fermi gas normalized by
the density of the noninteracting, unpolarized system n0. Results are shown for the dimensionless attractive and
repulsive interaction strength λ = ±1 and for chemical potential asymmetries βh = 0.0, 0.5, 1.0, 1.5, 2.0. In both
panels, the red solid lines correspond to perturbation theory results at N3LO for the various values of βh. In
the left panel, the solid black diamonds correspond to CL results, and the colored symbols correspond to HMC
results obtained by using imaginary polarization (see Ref. [14]). In the right panel depicting the repulsive case,
where HMC is not applicable, the colored symbols correspond to CL results.
whose behavior at small z is m/n0 = sinh(βh). For both attractive and repulsive couplings, however,
the differences in the results from the various methods increase in some regimes. This does not come
unexpected in the regime of large imbalances. Recall that an analytic continuation of the numerical
data points underlies the HMC computations of physical observables in this case. Such an analytic
continuation appears to become increasingly unreliable for large imbalances; see Ref. [14] and also
Refs. [11, 15] where this has also been observed in the case of imaginary mass imbalances. Apart
from that, an understanding of the emergence of the discrepancy between CL and perturbation theory
for repulsive interactions and βµ > 0 with increasing imbalances requires a more detailed analysis,
also with respect to the applicability of CL in this regime [9, 10].
5 First glance at the EOS of the unitary Fermi gas
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Figure 6. Density n of the attractively-interacting,
spin-polarized Fermi gas at unitarity in three spatial di-
mensions, normalized by the density of the noninter-
acting, unpolarized system n0. Results using CL are
shown in colored points for chemical potential asym-
metries βh = 0.0, 0.4, 0.8, 1.2, 1.6, 2.0 at a spatial lattice
volume of N3x = 7
3. The second-order virial expan-
sion is shown in solid black lines. Additionally, exper-
imental results for the unpolarized system at unitarity
are shown in solid red circles (see Ref. [16]).
Encouraged by our results in 1D, we pro-
ceed to a special 3D case known as the
unitary Fermi gas (UFG). This system is a
two-component gas with a contact interaction
tuned to the threshold of bound-state forma-
tion. At that point, the s-wave scattering
length, which controls the strength of the in-
teraction, is infinite, such that the many-body
problem features as many scales as a non-
interacting gas, yet its behavior is that of a
strongly correlated system. While much is
known about the UFG (see, e.g., Refs. [17–
20]), especially about its equation of state in
the unpolarized case, its polarized state re-
mains a topic of active investigation, see, e.g.,
Refs. [13, 21–25]. In Fig. 6, we show prelim-
inary CL results for the density of the UFG
as a function of βµ for various asymmetries
βh. The same figure shows a comparison with
experiment (unpolarized) (see Ref. [16]) as
well as with the second-order virial expansion.
While the agreement with the latter is encour-
aging, some sizable deviations from experi-
ment remain at βµ > 0 in the unpolarized case,
possibly due to finite-volume effects, which
are currently under investigation. Nevertheless, the overall qualitative agreement is encouraging.
Once those discrepancies are resolved, we plan to explore the phase diagram of polarized superfluid
matter, which has been conjectured (but not yet solidly proven) to contain exotic phases.
6 Conclusion
In this contribution we address the basic equations of state (density and polarization) of strongly
coupled non-relativistic matter. Repulsion and polarization, each by itself, would typically yield a
sign problem for auxiliary-field methods as considered in the present studies for 1D systems, and for
all methods we know in higher dimensions. For that reason, we resorted to the CL method, which
shows excellent agreement with third-order perturbative results. Encouraged by those results, we set
out to explore with CL the EOS of a strongly interacting 3D system at finite polarization, namely the
UFG. The results for the latter show promise in that they agree at least qualitatively with the virial
expansion and with experimental data for the unpolarized system. Studies of systematic effects are
underway.
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